We consider intertwining relations of the triangular q-Onsager algebra, and obtain generic triangular boundary K-operators in terms of the Borel subalgebras of U q (sl 2 ). These K-operators solve the reflection equation.
Introduction
The reflection equation [1] is a fundamental object in quantum integrable systems with open boundary conditions [2] . It has the following expression: R 12 y x K 1 (x)R 12 (xy) K 2 (y) = K 2 (y)R 12 1 xy K 1 (x)R 12 x y , x, y ∈ C × , (1.1)
where R(x) and R(x) are solutions (R-matrices) of the Yang-Baxter equation and K(x) is a K-matrix. The indices 1 and 2 denote the space on which the operators act non-trivially. In particular, there is a 2 × 2 matrix solution [3, 4, 5] of the reflection equation associated with the 4 × 4 R-matrices of the 6-vertex model (for the 2-dimensional fundamental representation of U q ( sl 2 )):
where k ± and ǫ ± are scalar parameters. These R-matrices are evaluations of more general operators called L-operators: L 12 (x), L 12 (x) ∈ U q (sl 2 ) ⊗ End(C 2 ). Namely, they are given by R 12 (x) = (π ⊗ 1)L 12 (x), R 12 (x) = (π ⊗ 1)L 12 (x), where π is the fundamental representation of U q (sl 2 ). In this context, a natural problem is to explore the solutions of the reflection equation associated with the L-operators: L 12 y x K 1 (x)L 12 (xy) K 2 (y) = K 2 (y)L 12 1 xy K 1 (x)L 12 x y , (1.3) where K(x) is a generic K-operator in U q (sl 2 ). In this paper, we propose generic triangular solutions K(x) of (1.3) associate with the triangular K-matrices ((1.2) for k + = 0 or k − = 0 ) in terms of the elements of the Borel subalgebras of U q (sl 2 ). Evaluation of the generic K-operator in the fundamental representation of U q (sl 2 ) reproduces the 2 × 2 triangular K-matrices (1.2): K(x) = π(K(x)). In the context of Baxter Q-operators for integrable systems with open boundaries, generic diagonal K-operators 1 (k + = k − = 0 case) for U q ( sl 2 ) were previously proposed in [6] . This paper extends these to the triangular case in part. Although it is beyond the scope of the present paper, we expect that our results will be useful to construct Baxter Q-operators for integrable systems with triangular boundaries (by taking limits of K-operators as discussed in [6] ). As for the rational case (q = 1 case; the XXX-model associated with the Yangian Y (sl 2 )), diagonal K-operators for Baxter Q-operators appeared first in [8] , and a generic non-diagonal K-operator was proposed recently 2 in [9] .
In section 2, we review the quantum algebras U q ( sl 2 ) and U q (sl 2 ) and associated R-and L-operators. In section 3, we recall the triangular q-Onsager algebra O t q ( sl 2 ) [10] , which is the underlying symmetry for the XXZ-spin chain with triangular boundary conditions. It is a co-ideal subalgebra (cf. [11] ) of U q ( sl 2 ). We solve the intertwining relations of the form
where ev x is an evaluation map ev x : O t q ( sl 2 ) → U q (sl 2 ) with the spectral parameter x ∈ C × . We show 3 that solutions of these intertwining relations also solve the reflection equation (1.3) . In section 4, we discuss connection to the q-Onsager algebra [13, 14] , which is the symmetry algebra for the case k + k − = 0. In Appendix, we review miscellaneous formulas which follow from the q-deformed H'Adamar identity [15] .
Throughout this paper, we assume that the deformation parameter q is generic. We also omit the unit element 1 of the quantum algebra multiplied by a complex number b ∈ C: b1 = b. We use the following notation:
1 These solutions were generalized to (a quotient of) higher rank algebra case [7] . 2 In 2016, we were informed by S. Belliard that he obtained a generic non-diagonal K-operator for the rational case. 3 A standard procedure to connect intertwining relations and the reflection equation will be to consider irreducible representations and use Schur's lemma (cf. [12] ). Here we consider the problem on the level of the algebra.
Quantum algebras and L-operators
In this section, we review quantum algebras and associated R-and L-operators. We basically follow the convention in [6] . We also refer [16, 17] for review on this subject.
The quantum affine algebra
The quantum affine algebra U q ( sl 2 ) (at level 0) is a Hopf algebra generated by the generators e i , f i , h i , where i ∈ {0, 1}. For i, j ∈ {0, 1}, the defining relations of the algebra U q ( sl 2 ) are given by
We always assume that the central element h 0 +h 1 is zero. The algebra has automorphisms σ and τ defined by
5)
where σ(ab) = σ(a)σ(b) and τ (ab) = τ (a)τ (b) for a, b ∈ U q ( sl 2 ). The algebra also has an anti-automorphisms ι defined by
where ι(ab) = ι(b)ι(a) for a, b ∈ U q ( sl 2 ). We use the following co-product ∆ :
We will also use the opposite co-product defined by
Anti-pode, co-unit and grading element d are not used in this paper.
There exists a unique element [18, 19] R ∈ B + ⊗ B − called the universal R-matrix which satisfies the following relations
The Yang-Baxter equation
follows from these relations (2.9).
The quantum algebra
The quantum affine algebra U q ( sl 2 ) contains U q (sl 2 ) as a subalgebra. The algebra U q (sl 2 ) is generated by the elements E, F, H. The defining relations are
The upper (resp. lower) Borel subalgebra is generated by E, H (resp. F, H ). The Casimir element
is central in U q (sl 2 ). There are an automorphism
and an anti-automorphism
They are U q (sl 2 ) analogues of (2.4) and (2.6), respectively. There is an algebra homomorphism called evaluation map 5 ev x :
where x ∈ C × is the spectral parameter. We set
One can check consistency of these:
The composition π x = π • ev x gives an evaluation representation of U q ( sl 2 ). In case we consider the fundamental representation, we define
where σ(AB) = σ(A)σ(B) and ι(AB) = ι(B)ι(A) hold for any 2 × 2-matrices A and B. One can check the consistency of these π(σ(a)) = σ(π(a)) and π(ι(a)) = ι(π(a)) for a ∈ U q (sl 2 ).
L-operators
The so-called L-operators are images of the universal R-matrix, which are given by
is an overall factor whose explicit expression will not be used in this paper. They are solutions of the intertwining relations, which follow from (2.9):
Explicitly, they read
(2.23)
One can check that these L-operators satisfy the unitarity and the crossing unitarity conditions (cf. eqs. (3.5) and (3.6) in [6] ). Evaluating the first space of these L-operators in the fundamental representation, we obtain R-matrices of the 6-vertex model.
(2.25)
These satisfy Yang-Baxter relations, which follow from (2.10): 
The reflection equation and its solutions
In this section, we consider intertwining relations of the triangular q-Onsager algebra and obtain generic K-operators in terms of the Borel subalgebras of U q (sl 2 ). These K-operators give solutions of the reflection equation associated with the L-operators.
Reflection equation
We start from the following form of the reflection equation [1] for the R-matrices (2.24) and (2.25):
The most general solution of the reflection equation (3.1) is given by (see [3, 4, 5] )
where k ± and ǫ ± are scalar parameters. We assume ǫ + ǫ − = 0. We would like to consider the reflection equation for the L-operators (2.22) and (2.23):
The reflection equation (3.1) is the image of (3.3) for π ⊗ 1. We set
The reflection equations ( 
The triangular q-Onsager algebra
The triangular q-Onsager algebra O t q ( sl 2 ) [10] is generated by the generators 6 T 0 , T 1 ,P 1 obeying the follow relations
where k + , ǫ + , ǫ − ∈ C. The algebra O t q ( sl 2 ) can be embedded into U q ( sl 2 ) and realized in terms of the generators of it 7 .
7)
wherep ∈ C. One finds that the algebra O t q ( sl 2 ) in this realization (3.7) behaves as a right co-ideal subalgebra of U q ( sl 2 ) under the co-product (2.7),
(3.8) 6 We assume the central element Γ is 1. 7 The convention used in eq. (2.12) in the original paper [10] is related to (3.7) by the automorphism (2.5) of U q ( sl 2 ) and the replacement k ± → k ∓ and q → q −1 (under the condition h 0 + h 1 = c = 0, Γ = 1.)
On the other hand, the algebra behaves as a left co-ideal subalgebra under the opposite co-product ∆ ′ : O t q ( sl 2 ) → U q ( sl 2 ) ⊗ O t q ( sl 2 ). One can apply the evaluation map to (3.7) and obtain a homomorphism O t q ( sl 2 ) → U q (sl 2 ):
We remark that the generators realization (3.7) ) satisfy (3.6) with replacement k + → k − . The algebras generated by these behave as right co-ideal subalgebras of U q ( sl 2 ) under the co-product (2.7).
Solutions of the intertwining relations
The intertwining relations associated with the triangular q-Onsager algebra are given by:
(3.10)
Explicitly, we have
In the third relation (3.13), we omit the trivial contribution from the terms on the central element and the constant. Then we rewrite these in terms of
We find that ev x (T 1 ) is transformed to a Cartan element of U q (sl 2 ) by the following similarity transformation (cf. (A7), (A8)) 8 : (3.15) if K 0 (x) contains only the Cartan element of U q (sl 2 ). In this case, (3.14) boils down to (3.17) which is equivalent to an intertwining relation for generic diagonal solutions of the reflection equation (eq. (4.8) in [6] .) Making use of a generic diagonal solution
x −s q −H for |q| > 1, (3.18) which satisfies (3.17) (x s 0 H K 0 (x) corresponds to eq. (4.9) in [6] ), we obtain the following solution 9 of (3.11) and (3.12):
for k − = 0, |q| > 1, (3.19) where we set α + = − qk + x −s 0 (q−q −1 )ǫ − , and use the inverse of (3.16) in the last step. Next, we show that (3.19) satisfies (3.13) . Making use of (A7) and (A9), and taking note on the fact that K 0 (x) commutes with the Cartan element and the central element, we find that (3.13) reduces to a combination of (3.17) and (3.20) which is equivalent to another intertwining relation for generic diagonal solutions of the reflection equation (eq. (4.7) in [6] ; thus (3.18) satisfies (3.20) .) In particular for the fundamental representation, the solution (3.19) reproduces the 2 × 2 triangular matrix solution ((3.2) for k − = 0) of the reflection equation (3.1):
The formula for |q| < 1 can be obtained by replacement:
We also remark that (3.19 ) can be rewritten as
is an overall factor defined by
We remark that the intertwining relations r i ((ev x ⊗ ev y )∆ ′ (a)) = ((ev x −1 ⊗ ev y −1 )∆ ′ (a))r i , i = 1, 2, for any a ∈ O t q ( sl 2 ) follow from (2.20), (2.21) and (3.10), where the right hand side and the left hand side of (3.3) are denoted 10 as r 1 and r 2 , respectively. This suggests that (3.19 ) is a solution of the reflection equation (3.3) . We have proven this by lengthy direct computation. Expanding (3.3) with respect to y and multiplying Cartan elements on both sides, we find four different types of relations on K(x), two of which are identical to (3.11) and (3.12) , and the other two have the form:
We show that the assumption (3.19) satisfies (3.23) and (3.24) leads to trivial identities. First, we apply (3.12) for (3.23) and replace F E and EF with Cartan elements and the Casimir element based on (2.12). Then we take the term containing F to the right side of K(x) by (3.13) , and derive an equation on K 0 (x) by (A7) and (A9). Taking note on the relation
25)
which follows from (3.18) , we arrive at a relation of the form K 0 (x)(. . . ) = 0. The part (. . . ) is lengthy and involved; but one can check that it is indeed 0 if one replaces F E and EF with Cartan elements and the Casimir element based on (2.12). By using (A7), one can show that (3.24) reduces to (3.17) (or one may use (3.25)). The solution of the reflection equation (3.3) associated with another triangular solution (3.2) with k + = 0 follows from (3.19) .
for k + = 0, |q| > 1, (3.26) 10 Here K(x) in r i is assumed to be the one in (3.10) .
In particular for the fundamental representation, the solution (3.26) reproduces the 2 × 2 triangular matrix solution ((3.2) for k + = 0) of the refection equation (3.1):
where κ(x) is the overall factor defined by (3.22) . Some more solutions of the reflection equation (3.3) with a different prefactor are obtained as follows:
for k − = 0, |q| > 1, (3.29) where β + = σ(α − ) = − k + x s 1 (q−q −1 )ǫ + . We remark that our generic triangular solutions (3.19) , (3.26), (3.28) and (3.29) reduce to the generic diagonal solutions [6] at k + = k − = 0.
Discussion
In this paper, we solved the intertwining relations of the triangular q-Onsager algebra under the evaluation map, and obtained generic triangular solutions of the reflection equation. A natural problem in this direction will be to generalize our solutions to the most general case k + k − = 0, which is related to the q-Onsager algebra [13, 14] . The q-Onsager algebra O q ( sl 2 ) (with the central element Γ = 1) is generated by two elements W 0 , W 1 and unit obeying the following relations. This algebra is realized 11 in terms of the generators of U q ( sl 2 ).
Note that two of the generators (3.7) of the triangular q-Onsager algebra are specializations of these: T 0 = W 0 | k − =0 , T 1 = W 1 | k − =0 . In order to obtain generic non-diagonal solutions of the reflection equation Our generic triangular solutions are deformation of the generic diagonal solution (k + = k − = 0 case) 12 [6] . In view of this, it would be tempting to see if the following substitution works.
for |q| > 1. (4.5)
In fact, this reduces to (3.19) at k − = 0 and (3.26) at k + = 0. However, (4.5) seems not satisfy (4.3), although it solves (4.4) . How this could be resolved remains to be clarified. We expect that recent solutions of the reflection equation for the symmetric tensor representations of U q (A
n−1 ) [21] (see also, [22] ) and the rational case Y (sl 2 ) [9] are great cues for this. = Eq cH + a(1 − q −2 )q 2b ∞ j=1 (a(1 − q −2 )F q bH ) j−1 (q −2 ; q −2 ) j (q −2(b+c) ; q −2 ) j Cq (b+c)H − (q −2(b+c−1) ; q −2 ) j q (b+c−1)H−1 + (q −2(b+c+1) ; q −2 ) j q (b+c+1)H+1 (q − q −1 ) 2 , (A15)
exp −1 q −2 aF q bH F q cH exp q −2 aF q bH = ∞ j=0 (q 2(b−c) ; q 2 ) j (q 2 ; q 2 ) j (−a(1 − q 2 )F q bH ) j F q cH , (A17) exp −1 q −2 aF q bH Eq cH exp q −2 aF q bH = = Eq cH − a(1 − q 2 )q 2b ∞ j=1 (−a(1 − q 2 )F q bH ) j−1 (q 2 ; q 2 ) j × (q −2(b+c) ; q 2 ) j Cq (b+c)H − (q −2(b+c+1) ; q 2 ) j q (b+c+1)H+1 + (q −2(b+c−1) ; q 2 ) j q (b+c−1)H−1 (q − q −1 ) 2 .
(A18)
The relation (q a ; q) k = (−1) k q ak+ (k−1)k 2 (q −a ; q −1 ) k is useful to modify the above relations.
